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Abstract
Codimension one manifold factors are spaces which have the property that their product with R is
a manifold. In this paper, the disjoint homotopies property (DHP) is introduced and it is shown that
resolvable generalized manifolds with DHP are codimension one manifold factors. For generalized
manifolds of dimensions n 4 it is shown that DHP is implied by the plentiful 2-manifolds property,
a property satisfied by many examples. Furthermore, a new class of codimension one manifold
factors, the k-ghastly spaces for k > 2, is constructed.  2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction and preliminaries
The Product with a Line Problem first arose as a consequence of efforts to characterize
decomposition (or quotient) maps which leave a manifold topologically invariant. In
order to insure that a decomposition space inherits basic topological properties from its
source space (such as the Hausdorff property) it is necessary to require that no sequence
of large decomposition elements “converge” to a small decomposition element. Such a
decomposition is said to be upper semi-continuous and can be formally defined as follows:
Definition 1.1. A decomposition G of a space Y is upper semi-continuous (usc) if the
elements of G are compact and for each open set U ⊂ Y , the set U∗ = {g ∈G | g ⊂ U} is
open.
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In the early 1930s, R.L. Moore, the father of decomposition theory, demonstrated the
following 2-dimensional result:
Theorem 1.2 (Moore). If G is a usc decomposition of R2 into compact continua not
separating R2, then the decomposition space R2/G is homeomorphic to R2 [25].
In an attempt to find a higher dimensional analogue, the cellularity property was
introduced. In particular, a compact set Z is cellular in Rn if every neighborhood of Z
contains a neighborhood of Z homeomorphic to the n-cell. G.T. Whyburn formally posed
the following question:
Question 1.3. If G is a usc decomposition of R3 such that each g ∈G is cellular, is R3/G
topologically R3 [30]?
It was not long afterwards that R.H. Bing was able to demonstrate with the construction
of his Dogbone space that the answer to Whyburn’s question is “no”. The Dogbone
space arises from a cellular usc decomposition of R3 and is not a manifold. A surprising
discovery, later made by Bing, is that the product of the Dogbone space with R is a 4-
manifold. Spaces which have this property—that their product with R is a manifold—are
formally called codimension one manifold factors. Thus originated the Product with a Line
Problem which asks, “What types of spaces are codimension one manifold factors?”
Since the conception of the Product with a Line Problem, much has been learned about
codimension one manifold factors. From basic topological principles it can be shown that
an n-dimensional codimension one manifold factor is a locally compact (separable) metric
space that is an absolute neighborhood retract (ANR) with the same local homology as
an n-manifold. Such spaces are called generalized n-manifolds. One situation in which
generalized manifolds arise is as the finite dimensional image of a proper cell-like map
defined on a manifold. The cell-like condition is a similar but weaker condition than
cellularity. A compact subset of an ANR is said to be cell-like if it contracts in every
neighborhood of itself. A proper map defined on an ANR is a cell-like map if each point
pre-image is cell-like. The subclass of generalized manifolds which arise from proper cell-
like maps defined on manifolds are called the resolvable generalized manifolds. F. Quinn
has shown that there is a well defined integer valued obstruction number that takes on
values in 1+ 8Z and determines whether or not a generalized manifold is resolvable [26].
In a connected generalized manifold, the obstruction number is determined in any open
set and has value 1 if and only if the space is resolvable. Since the obstruction number
is multiplicative with respect to products, a manifold factor is necessarily a resolvable
generalized manifold.
The Product with a Line Problem becomes particularly captivating when considering the
following result obtained by Daverman [13]:
Theorem 1.4 (Daverman). If X is a resolvable generalized manifold, then X × R2 is a
manifold.
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Hence, all resolvable generalized manifolds are codimension k manifold factors for
k  2. Since not all resolvable generalized manifolds are manifolds (i.e., codimension zero
manifold factors), the codimension one case is the critical case.
Presently, there are no known examples of resolvable generalized manifolds which fail
to be codimension one manifold factors. Examples of resolvable generalized manifolds
known to be codimension one manifold factors include spaces that have the disjoint arc-
disk property [13], spaces that are locally encompassed by manifolds [13], spaces that
arise from nested defining sequences [13], and spaces in which the resolving map has
a nondegeneracy set of either codimension three [13], closed codimension two [8] or is
contained in the countable union of embedded (n − 1)-complexes [9,13]. Possibly the
most bizzare examples of non-manifold resolvable generalized manifolds are the 2-ghastly
spaces constructed by R.J. Daverman and J.J. Walsh. These spaces are 2-ghastly in the
sense that they contain no embedded 2-cells. Amazingly, it can be shown that there are
2-ghastly spaces that are codimension one manifold factors by exerting minor controls in
the construction of these spaces.
While there are many examples of spaces that are codimension one manifold factors,
the methods for proving that spaces have this property have been diverse. This paper
investigates an alternative and more universal strategy for detecting codimension one
manifold factors. In particular, the disjoint homotopies property (DHP) is introduced as
a candidate general position property for characterizing codimension one manifold factors
for dimensions n  4. It will be shown that resolvable generalized manifolds with DHP
are codimension one manifold factors. In addition, a careful analysis of how DHP might
be obtained will motivate the introduction of a new property, the plentiful 2-manifolds
property (P2MP). A space X has P2MP if every path can be approximated by a path
whose image is contained in an embedded 2-manifold in X. It will be shown that P2MP
implies DHP for resolvable generalized manifolds of dimension n  4. Finally, the k-
ghastly spaces, a new class of resolvable generalized n-manifolds, will be constructed for
n 4 and 2 < k < n. The k-ghastly spaces have the peculiar property that they contain no
embedded k-cells but do contain embedded (k − 1)-cells. These spaces arise in the same
manner as the Daverman/Walsh 2-ghastly spaces. However, significantly more control is
required in their constructions. The k-ghastly spaces constructed here will be shown to
have the plentiful 2-manifolds property and thereby demonstrate the strength of disjoint
homotopies property in detecting codimension one manifold factors.
2. Disjoint homotopies property
In the mid 1970s, J.W. Cannon recognized that the key to determining whether or not a
resolvable generalized manifold is a genuine manifold is the disjoint disks property.
Definition 2.1. A space X has the disjoint disks property if the maps of any two disks
into X can be approximated by maps with disjoint images.
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Cannon conjectured that for dimensions n  5, the n-manifolds are precisely the
resolvable generalized n-manifolds with the disjoint disks property. This conjecture was
later proved by R.D. Edwards as follows:
Theorem 2.2 (Edwards, The Cell-Like Approximation Theorem). Suppose G is a cell-
like decomposition of an n-manifold M , where n  5. Then the decomposition map
π :M →M/G can be approximated by homeomorphisms if and only if M/G is finite-
dimensional and has DDP [14].
A natural question to ask is whether or not there is a general position property that
characterizes codimension one manifold factors of dimension n  4. The following
analogue to DDP in dimension 3 is shown to be satisfied by all generalized n-manifolds of
dimension n 3 in [14].
Definition 2.3. A space X has the disjoint arcs property (DAP) if any two paths
f,g : I →X can be approximated by paths with disjoint images.
Therefore, it would seem that a reasonable analogue to the disjoint discs property in
dimensions n 4 is the following:
Definition 2.4. A space X has the disjoint arc-disc property (DADP) if given any two
maps f : I → X and g : I 2 → X, there are arbitrarily close approximations of f and g
which have disjoint images.
In [13], Daverman has proved that if a space X has DADP then X × R has DDP.
Hence a resolvable generalized manifold with DADP is a codimension one manifold factor.
Unfortunately, the converse is not true. One example of this fact is the Totally Wild Flow
space constructed by Cannon and Daverman [10]. The totally wild flow space does not
have DADP but is a manifold factor since it arises from a nested defining sequence.
R.D. Edwards first suggested that an alternative property, the disjoint homotopies property,
may be a more precise detector of codimension one manifold factors.
Definition 2.5. A space X has the disjoint homotopies property (DHP) if any two path
homotopies, f,g :D× I →X can be approximated by homotopies, f ′, g′ :D× I →X so
that f ′t (D)∩ g′t (D)= ∅ for all t ∈ I where D = I = [0,1].
The Disjoint Homotopies Theorem of Section 3 will prove that a generalized manifold
with DHP is a codimension one manifold factor. In Section 4, it will be shown that DHP
implies DADP but that the converse is not true. The remainder of this section will be
devoted to establishing some preliminaries in order to prove these results.
For completeness we begin with the definition of an ANR and some general extension
properties of ANRs. A metric space Y is an absolute neighborhood retract (ANR) if given
any metric space S, closed subset A ⊂ S and continuous map f :A → Y , there is an
extension of f to a neighborhood of A.
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Theorem 2.6 (Homotopy Extension Theorem (HET)). Suppose that f :Y → X is a
continuous map where Y is a metric space and X is an ANR, Z is a compact subset of
Y and ε > 0. Then there exists δ > 0 such that each gZ :Z→X which is δ-close to f |Z
extends to g :Y →X so that g is ε-homotopic to f . In particular, for any open set U such
that Z ⊂U ⊂ Y , there is a homotopy H :Y × I →X so that:
(1) H0 = f , and H1 = g,
(2) g|Z = gZ ,
(3) Ht |Y−U = f |Y−U for all t ∈ I ,
(4) diam(H(y × I)) < ε for all y ∈ Y .
Proof. Let Γf |Z = {(z, f (z)) | z ∈ Z} ⊂X× Y . Define
F :
(
Y ×X× {0})∪ (Γf |Z × I)∪ (Y ×X× {1})→X
such that F(y, x,0) = f (y), F(y, x,1)= x and F(z,f (z), t) = f (z) for all (z, f (z)) ∈
Γf |Z . Since X is an ANR, then F extends to F¯ :W → X where W is a neighborhood
of (Y × X × {0}) ∪ (Γf |Z × I) ∪ (Y × X × {1}). By application of the Tube Lemma,
there is a neighborhood V of Γf |Z in Y × X so that Γf |Z × I ⊂ V × I ⊂ W and
diam(F¯ ((y, x) × I)) < ε for every (y, x) ∈ V . Let δ > 0 such that the δ-neighborhood
of Γf |Z is contained in V .
To show that δ satisfies the conclusion of the theorem, suppose ρ(f |Z,gZ) < δ.
Let ΓgZ = {(z, gZ(z)) | z ∈ Z}. Note that ΓgZ is contained in V . Let gN :N → X be
an extension of gZ such that N is a closed neighborhood of Z contained in U and
ΓgN = {(y, f (y)) | y ∈ N} is contained in V . By Urysohn’s Lemma there is a function
α :Y →[0,1] such that α(Z)= 1 and α(Y −N)= 0. Define H :Y × I →X such that
Ht(y)=
{
F¯ (y, gN(y),α(y)t) if y ∈N,
f (y) if y /∈N.
Let g =H1. It follows that H is the desired homotopy between f and g. ✷
The Map Extension Theorem is a weak statement of HET and will be the result
frequently referred to in later sections.
Corollary 2.7 (Map Extension Theorem (MET)). Suppose that f :Y →X is a continuous
map where Y is a metric space and X is an ANR, Z is a compact subset of Y and ε > 0.
Then there exists δ > 0 such that each gZ :Z → X which is δ-close to f |Z extends to
g :Y →X so that ρ(f,g) < ε.
The following is a generalization of DHP and will be the version actually applied in the
proof of the Disjoint Homotopies Theorem.
Definition 2.8. A space X has DHP* if for any two homotopies f :K × I → X and
g :L × I → X where K and L are finite simplicial complexes of dimension less than
or equal to one, there are approximations f ′ :K × I → X and g′ :L× I → X arbitrarily
close to f and g, respectively, such that f ′t (K)∩ g′t (L)= ∅ for all t ∈ I .
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Theorem 2.9. A locally compact ANR has DHP if and only if it has DHP*.
Proof. To show the forward direction, let X be an ANR. Define
H= Map(K × I,X)× Map(L× I,X)
with the uniform metric. For σ ∈K and τ ∈L, let
O(σ, τ )= {(f, g) ∈H | ft (σ )∩ gt (τ )= ∅ for all t ∈ I}.
It should be clear that O(σ, τ ) is open in H. The fact that O(σ, τ ) is dense in H
follows by selecting ε > 0 and choosing δ > 0 to satisfy MET. An application of DHP
gives δ approximations to f |σ×I and g|τ×I which are disjoint homotopies. Then MET
gives extensions of these approximations to ε approximations of f and g. Since H is
a Baire space, then O =⋂σ∈K,τ∈LO(σ, τ ) is dense in H. Note that if (f, g) ∈ O then
ft (K)∩ gt (L)= ∅ for all t ∈ I . Hence X has DHP*.
The other direction is trivial. ✷
Definition 2.10. A space X has the disjoint 1-complexes property if given any two maps
f :K → X and g :L→ X, where K and L are simplicial complexes of dimension less
than or equal to one, there are approximations of f and g with disjoint images.
Corollary 2.11. A locally compact ANR with DHP has the disjoint 1-complexes property.
3. The Disjoint Homotopies Theorem
The strategy that will be used to prove the Disjoint Homotopies Theorem will be as
follows:
Given two maps of disks into X×R
(1) Induce a topographical structure on the domains of the maps by means of
approximating maps which are p.l. when followed by projection to theR coordinate.
(2) Using DHP, adjust the maps again so that projection to the X coordinate maps
corresponding levels of the topographical structure disjointly.
The resulting maps will have disjoint images. To this end we begin with the definition of a
topography.
Definition 3.1. A topography on D2, Υ , consists of the following elements:
(1) A set, {J1, . . . , Jm}, of consecutive intervals in R such that Jj = [tj−1, tj ] where
t0 < t1 < · · ·< tm.
(2) A finite set of complexes {L0, . . . ,Lm} embedded in D2 of dimension at most one.
These complexes are called the transition levels.
(3) A finite set of 1-complexes {K1, . . . ,Km}. These complexes are called the level
factors.
(4) A set of maps, {φj :Kj ×Jj →D2}j=1,... ,m, which satisfy the following conditions:
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(a) L0 = φ1(K1 × {t0}),
Lm = φm(Km × {tm}),
Lj = φj (Kj × {tj })∪ φj+1(Kj+1 × {tj }) for j = 1, . . . ,m− 1,
(b) φj |Kj×intJj is an embedding for each j = 1, . . . ,m,
(c) ⋃mj=1 im (φj )=D2.
Definition 3.2. A map µ :D2 → Y ×R is a topographical map if there is a topography,Υ ,
on D2 which is level preserving in the sense that for each map φj :Kj × Jj →D2 of the
topography,µ ◦ φj (Kj × t)⊂ Y × t for all t ∈ Jj .
Theorem 3.3. Suppose µ :D2 →X×R. Then µ can be approximated by a topographical
map µ′ :D2 →X×R.
Proof. Let S :X × R → X and T :X × R → R be standard projection maps. Let
T˜ :D2 →R be a p.l. general position map approximating T µ with respect to a
triangulation K of D2. Define µ′ = Sµ× T˜ . To show that µ′ is the desired approximation
of µ, let {t0, . . . , tm} ⊂ R be an ordered set containing T˜ (K(0)). Subdivide K further so
that T˜ −1(tj ) is the underlying space of a subcomplex of K and so that the subdivided
complex still has vertices only in T˜ −1({t0, . . . , tm}). Without loss of generality, K will
now denote the subdivided K . Suppose σ ∈ K is a 2-simplex. Note that σ is the linear
span of three points with R coordinates tj−1 and tj such that exactly two of the points have
the same R coordinate. Let σt = T˜ −1(t)∩σ and t∗j = tj−1+tj2 for j = 1, . . . ,m. Then σt∗j is
a midsegment of σ and there is an obvious level preserving map, φσ :σt∗j × [tj−1, tj ]→ σ
such that φ|σt∗
j
×(tj−1,tj ) is a homeomorphism. Thus we have the following:
(1) For Jj = [tj−1, tj ], {J1, . . . , Jm} is a set of consecutive intervals in R.
(2) Lj =⋃σ∈K σtj , is a complex of dimension at most one for j = 0, . . . ,m.
(3) Kj =⋃σ∈K σt∗j is a one-dimensional complex for j = 1, . . . ,m.
(4) The maps φj =⋃σ∈K∩(T˜−1(Jj )) φσ defined on Kj × [tj−1, tj ] satisfy the following
conditions:
(a) L0 = φ1(K1 × {t0}),
Lm = φm(Km × {tm}),
Lj = φj (Kj × {tj })∪ φj+1(Kj+1 × {tj }),
(b) φj |Kj×intJj is an embedding for j = 1, . . . ,m,
(c) ⋃mj=1 im (φj )=D2.
This determines a topography Υ on D2. Note that µ′ ◦ φj (Kj × t)⊂X× t for all t ∈ Jj .
Hence, µ′ is the desired approximating topographical map. ✷
Theorem 3.4 (Disjoint Homotopies Theorem). If X is a locally compact ANR with DHP,
then X×R has DDP.
Proof. Suppose there are maps µi :D2 → X × R for i = 1,2. Let ε > 0 be given. By
Lemma 3.3, there are ε/3-approximations µ′i :D2 → X × R of µi that are topographical
maps with topographies Υ i . Associate with each Υ i the elements of the definition of a
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topography on D2 superscripted with the index i . Without loss of generality, we may
assume that the set of intervals in Υ 1 and Υ 2 correspond. Let S :X × R → X and
T :X×R→R be the standard projection maps.
Step 1. Separating transition levels in X.
Let Li =⋃mj=1 Lij . Choose δ > 0 to satisfy MET for 13ε in X. By Corollary 2.11, there
are maps ψi :Li →X, for i = 1,2, such that ρ(ψi, Sµ′i |Li ) < δ and ψ1(L1)∩ψ2(L2)= ∅.
By MET, there are 13ε-approximations Ψi :D
2 → X of Sµ′i such that Ψi |Li = ψi . Thus
Ψ1(L1)∩Ψ2(L2)= ∅.
Step 2. Separating remaining levels in X.
Choose ξ > 0 so that ξ < 13ε and ρ(Ψ1(L
1),Ψ2(L2)) > 4ξ . Choose ζ > 0 to satisfy
MET for ξ in X. Choose η > 0 so that
Ψi
(
D2 −
m⋃
j=1
φij
(
Kij × [tj−1 + η, tj − η]
))⊂N(Ψi(Li), ζ ).
By DHP, for i = 1,2, there exists
θ ij :K
i
j × [tj−1 + η, tj − η]→X
so that ρ(θij ,Ψiφj ) < ζ and (θ
1
j )t (K
1
j )∩ (θ2j )t (K2j )= ∅ for all t ∈ ([tj−1 + η, tj − η]) and
all j = 1, . . . ,m. By MET,⋃mj=1 θ ij (φij )−1 extends to Θi :D2 →X so that ρ(Θi,Ψi) < ξ .
Clearly, Θ1 and Θ2 map corresponding levels from
⋃m
j=1([tj−1 + η, tj − η]) disjointly.
Furthermore,
Θ1
(
D2 −
m⋃
j=1
φ1j
(
K1j × [tj−1 + η, tj − η]
))
∩Θ2
(
D2 −
m⋃
j=1
φ2j
(
K2j × [tj−1 + η, tj − η]
))
⊂N(Ψ1(L1),2ξ)∩N(Ψ2(L2),2ξ)= ∅.
Hence Θ1 and Θ2 map all corresponding levels disjointly into X. Let µ′′i =Θi × Tµ′i .
Then µ′′1(D2)∩µ′′2(D2)= ∅ and
ρ
(
µi,µ
′′
i
)
 ρ
(
µi,µ
′
i
)+ ρ(µ′i ,Ψi × T µ′i)+ ρ(Ψi × T µ′i ,Θi × T µ′i)
< 13ε+ 13ε+ 13ε = ε.
Therefore µ′′i is the desired approximation of µi , for i = 1,2, which give disjoint images
of D2 in X×R. ✷
Corollary 3.5. Suppose G is a cell-like usc decomposition of an n-manifold M where
n  4 and M/G is finite dimensional with DHP. If π :M → M/G is the associated
decomposition map, then π × id :M × R → M/G × R can be approximated by
homeomorphisms.
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4. Disjoint homotopies strategies
A useful strategy in obtaining disjoint homotopies is to analyze how various adjustments
of two homotopies affect the associated parameterization space, I 2, the product of the
parameterizing coordinates of the two homotopies.
Definition 4.1. If f,g :D×I →X are homotopies, then the set of parameterization points
of intersection, denoted PPIN(f, g), is
PPIN(f, g)= {(t, s) ∈ I 2 | ft (D) ∩ gs(D) = ∅}.
Given homotopies f,g :D× I →X the following three types of homotopy adjustments
will be explored with the aim of obtaining approximations that are disjoint homotopies.
(1) Reparameterization—modifying the parameterization coordinates in D × I .
(2) Reimaging—altering the image set of the homotopies in X.
(3) Realignment—shifting the level lines of the homotopies in D × I .
The next four results will demonstrate some applications of reparameterization and
reimaging.
Lemma 4.2 (Reparameterization Lemma). Suppose f,g :D×I →X are two homotopies
such that PPIN(f, g) is 0-dimensional. Then f and g may be reparameterized to give
arbitrarily close approximations f ′ and g′, respectively, which are disjoint homotopies.
Proof. Let f and g be homotopies so that PPIN(f, g) is 0-dimensional and ε > 0. Choose
η > 0 so that whenever d((t, s), (t ′, s′)) < η then ρ(ft , ft ′) < ε and ρ(gt , gt ′) < ε. Let
α : I → I 2 be the path defined by α(t) = (t, t). It follows from the continuity of f and g
that PPIN(f, g) is closed. Since PPIN(f, g) is closed 0-dimensional in I 2 there is an η-
approximation α′ : I → I 2−PPIN(f, g) of α. Denote the component maps of α′ in the first
and second coordinates by α′1 and α′2, respectively. Define f ′ :D× I →X; f ′t = fα1(t) and
g′ :D× I →X; g′t = gα2(t). Then f ′ and g′ are disjoint homotopies which ε-approximate
f and g, respectively. ✷
Proposition 4.3. Suppose X is a locally compact ANR. Then X has DHP if and only if for
any two homotopies f,g :D× I →X, there exist arbitrarily close approximations f ′ and
g′ of f and g, respectively, such that PPIN(f ′, g′) is 0-dimensional.
Proof. Let C denote the space of all continuous maps of D × I into X. Note that since X
is locally compact then C × C is a Baire space.
To show the forward direction, let f,g :D × I →X be given. Let
T = {(P,Q) ∈ ((Q∩ I)2 × (Q∩ I)2) |
P = (p1,p2), Q= (q1, q2), p1 = p2, q1 = q2
}
.
For each (P,Q) ∈ T define
fPQ :D× I →X, (fPQ)r = f[(1−r)p1+rq1],
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gPQ :D × I →X, (gPQ)r = g[(1−r)p2+rq2].
Let
OPQ =
{
(f, g) ∈ C × C | fPQ and gPQ are disjoint homotopies
}
.
It should be clear that OPQ is open in C×C . It follows from application of DHP and MET
that OPQ is dense in C × C .
By the Baire Category Theorem,
⋂
T OPQ is dense in C × C . Note that for any
(f, g) ∈ ⋂T OPQ, PQ ∩ PPIN(f, g) = ∅ for all (P,Q) ∈ T . Hence PPIN(f, g) is 0-
dimensional.
The reverse direction follows directly from the Reparameterization Lemma. ✷
Proposition 4.4. Suppose X is a locally compact ANR. Then X has DADP if and only if
each pair of homotopies f,g :D × I →X can be approximated by homotopies f ′ and g′
with PPIN(f ′, g′)⊂A×B where A and B are 0-dimensional sets.
Proof. To show the forward direction, let C denote the space of all continuous maps of
D× I into X. For each rational number q ∈ I , define
O(q)= {(f, g) ∈ C × C | fq(D) ∩ g(D × I)= ∅ and f (D × I)∩ gq(D)= ∅}.
It should be clear that O(q) is open in C × C . The fact that O(q) is dense in C × C follows
from application of DADP and MET.
By the Baire Category Theorem O =⋂O(q) is dense in C × C . Note that for each
(f, g) ∈O, PPIN(f, g) is 0-dimensional.
For the reverse direction, let α :D→ X and g :D2 → X. Extend α to f :D× I →X;
ft = α and consider g as a homotopy with parameterization given by the second D factor.
By the hypothesis, there are approximating homotopies f ′ and g′ and 0-dimensional
subsets A,B ⊂ I such that PPIN(f ′, g′) ⊂ A × B . Choose t0 ∈ (I − A). Then f ′t0(D)
misses all levels of g′ and hence is disjoint from g′(D2). Therefore α′ = f ′t0 and g′ are the
desired approximating maps. ✷
Corollary 4.5. Every locally compact ANR with DADP has DHP.
Since not all codimension one manifold factors of dimension n 4 satisfy DADP, it is
necessary to investigate spaces for which there are no pairs of homotopy approximations
with “nice” PPIN set in the sense that projection to each parameterization coordinate is
0-dimensional. The next proposition is a basic result that utilizes realignment adjustments.
The usefulness of this observation will become evident in Section 5 where it is applied to
obtain results that demonstrate that there are spaces with DHP that do not have DADP.
Proposition 4.6. SupposeA⊂ intD× I is a closed 0-dimensional subset of D× I . LetQ
denote the set of homeomorphisms from D × I to D × I whose restriction to ∂(D × I) is
the identity map. Then Q∗ = {ψ ∈Q | proj◦ψ|A is 1–1} is a dense Gδ in Q. In particular,
there are homeomorphisms ψ :D × I →D × I arbitrarily close to the identity map such
that ψ|∂(D×I ) = id and proj ◦ψ|A is 1–1.
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Proof. Note that Q is a complete metric space with respect to the metric
ρ¯ :Q×Q→R, ρ¯(ψ,φ)= ρ(ψ,φ)+ ρ(ψ−1, φ−1),
where ρ is the standard sup-norm metric. Hence Q is a Baire space. Define
Qm =
{
ψ ∈Q | diam(proj−1(t)∩ψ(A))< 1
m
for all t ∈ I
}
.
It will be shown that Qm is open and dense in Q.
To show that Qm is dense in Q, let ψ ∈ Q and ε > 0. Choose a set of disjoint balls
{B1, . . . ,Bk} whose interior coverA and so that diam(Bi) < 12ε and diam(ψ−1(Bi)) < 12ε.
Let Ai = A ∩ int(Bi). Use radial compression to obtain φ :D × I → D × I such that
φ|[(D×I )−⋃ int(Bi)] = id, φ|Bi compresses Ai to a diameter less than 1m and proj ◦ φ(Ai) ∩
proj ◦ φ(Aj ) = ∅. Let ψ ′ = φψ . Then ψ ′ ∈ Qm and ρ¯(ψ ′,ψ) < ε. Hence Qm is dense
in Q.
To show that Qm is open in Q, we will first prove the following two claims.
Claim 4.6.1. Suppose ψ ∈ Qm. Then for each t ∈ I , there is a δt > 0 so that
diam(proj−1([t − δt , t + δt ])∩ψ(A)) < 1m .
Proof. Suppose not. Then there exists (xi, ti ), (x ′i , t ′i ) ⊂ ψ(A) such that (xi, ti )→ (x, t),
(x ′i, t ′i )→ (x ′, t), and d((xi, ti ), (x ′i, t ′i ))  1m . Since ψ(A) is closed, then (x, t), (x ′, t) ∈
ψ(A). By continuity of the distance function d((x, t), (x ′, t)) 1
m
. Hence diam(proj−1(t)
∩ψ(A)) 1
m
. This contradicts that ψ ∈Qm. Therefore the claim must be true. ✷
Claim 4.6.2. Suppose ψ ∈Qm and 2δ > 0 is a Lebesgue number for {(t − δt , t + δt )}t∈I
where δt satisfies the conclusion of Claim 4.6.1. Let
σ = sup
t∈I
{
diam
(
proj−1([t − δ, t + δ])∩ψ(A))}.
Then σ < 1
m
.
Proof. Suppose not. Then there exists (xi, ti ), (x ′i, t ′i )⊂ ψ(A) such that |ti − t ′i |< 2δ and
d((xi, ti ), (x
′
i, t
′
i ))→ 1m . Without loss of generality, assume (xi, ti)→ (x, t) and (x ′i , t ′i )→
(x ′, t ′). Since ψ(A) is closed,(t, s), (t ′, s′) ∈ ψ(A). By continuity of the distance function
d((x, t), (x ′, t ′)) = 1
m
and |t − t ′|  2δ. However, by choice of δ diam(proj−1([ t+t ′2 −
δ, t+t ′2 + δ])∩ψ(A)) < 1m . This is a contradiction so the claim must be true. ✷
To complete the proof of Proposition 4.6, let ψ ∈Qm. Let δ and σ satisfy Claim 4.6.2
for ψ . Choose η > 0 so that η < min{δ, 12 ( 1m − σ)}. Suppose ψ ′ ∈ Q such that
ρ¯(ψ ′,ψ) < η. Then for any t ∈ I ,
diam
(
proj−1(t) ∩ψ ′(A))  diam(N(proj−1([t − δ, t + δ])∩ψ(A),η))
 σ + 2η < σ +
(
1
m
− σ
)
= 1
m
.
Therefore, ψ ′ ∈Qm. HenceQm is open in Q.
242 D.M. Halverson / Topology and its Applications 117 (2002) 231–258
Note that Q∗ =⋂Qm since for any ψ ∈ Q∗, diam(proj−1(t) ∩ ψ(A)) = 0 and hence
proj ◦ψ|A is 1–1. By the Baire Category Theorem,Q∗ is dense in Q. ✷
5. The plentiful 2-manifolds property
The goal of this section is to establish criteria which can be used to verify that a space
has DHP even though it may not have DADP. By Corollary 4.4, if a space does not satisfy
DADP, then it is impossible to approximate every pair of homotopies mapped into the
space by homotopies with 0-dimensional PPIN set that projects to a 0-dimensional set
in each of the factors of parameterization space. Therefore, a different strategy must be
employed. Again, the goal is to approximate any two homotopies by homotopies with 0-
dimensional PPIN set. To this end, the fact that the graph of a continuous function on a
closed 0-dimensional subset of I into I is 0-dimensional will be exploited. Specifically, if
any two homotopies into a space X can be approximated by homotopies whose PPIN set
in contained in the countable union of continuous graphs of 0-dimensional sets or products
of closed 0-dimensional sets, then X has DHP. The following property is motivated by this
strategy.
Definition 5.1. A space, X, has the plentiful 2-manifolds property (P2MP) if each path
α : I → X can be approximated by a path α′ : I → N ⊂ X where N is a 2-manifold
embedded in X.
The following duality result can be found in [2].
Theorem 5.2 (Duality Theorem for Generalized Manifolds). Let X be a generalized n-
manifold. If B is a closed subset of X, then Hˇ n−ic (B;Z/2)∼=Hi(X,X−B;Z/2) for each
integer i .
Corollary 5.3. Suppose X is generalized n-manifold, n  4, and N is a 2-manifold
embedded in X as a closed subset. Then
(1) Each path α : I →X can be approximated by a path missing N .
(2) Each map g :D2 → X can be approximated by a map g′ such that (g′)−1(N) is
0-dimensional in D2.
Proof. To show (1), let α : I → X and choose ε > 0. Let V be a cover of α(I) such that
the elements of V are connected with diameter less than ε. By applying Theorem 5.2, the
following exact sequence is obtained for each V ∈ V .
0 ∼= Hˇ n−1c (N ∩ V ;Z/2)∼=H1(V ,V −N;Z/2)
→ H˜0(V −N;Z/2)→ H˜0(V ;Z/2)∼= 0
Hence Hˇ0(V −N) ∼= 0 so V −N is path connected. Let δ > 0 be a Lebesgue number
for V with respect to α(I). Choose 0 = t0 < t1 < · · ·< tm = 1 so that
diam
(
α
([ti−1, ti ]))< δ for i = 1, . . . ,m.
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Let Vi denote an element in V which contains α([ti−1, ti]). Choose x0 ∈ V1 − N , xm ∈
Vm −N and xi ∈ Vi ∩ Vi+1 −N for i = 1, . . . ,m− 1. Define a path α′ : I → I 2 such that
α′(ti) = xi for i = 0, . . . ,m and α′([ti−1, ti]) ⊂ Vi − N for i = 1, . . . ,m. Then α′ is the
desired approximation.
To show (2), it suffices to demonstrate that
Q∗ =
{
h :D × I →X | h
(⋃
q∈Q
(
D × {q} ∪ {q} × I))∩N = ∅}
is dense in the Baire space C = Map(D × I,X). Let
Qq =
{
h :D × I →X | h(D × {q} ∪ {q} × I)∩N = ∅}.
It should be clear that Qq is open in C . It follows from two applications of (1) and MET
that Qq is dense in C . Note that Q∗ =⋂q∈QQq . By the Baire Category Theorem Q∗ is
dense in C . ✷
The next goal is to show that any generalized n-manifold, n 4, with P2MP has DHP.
We begin with the following lemma.
Lemma 5.4. Suppose X is a generalized n-manifold, n 4, g :D × I →X and f :D ×
I →N ⊂X where N is a 2-manifold embedded in X. Then f and g can be approximated
by disjoint homotopies.
Proof. Without loss of generality, assume that g−1(N) is 0-dimensional by Corollary 5.3
and f is a piecewise embedding on a finite triangulation of D× I by application of general
position if necessary. Choose ε > 0. By Proposition 4.6, there exists a homeomorphism
ψ :D × I → D × I such that proj ◦ ψ|g−1(f (D×I )) is 1–1 and ρ(gψ−1, g) < 12ε. Let
g∗ = gψ−1. Then proj|(g∗)−1(f (D×I )) is 1–1 and hence a homeomorphism. Furthermore
ρ(g∗, g) < 12ε.
Let D × I = ⋃mi=1 σi where each σi is a 2-cell such that f |σi is an embedding.
Let Ai = proj ◦ (g∗)−1(f (σi)). Note that proj−1|Ai is a homeomorphism. Hence, φi =
proj ◦ f−1g∗ ◦ proj−1 :Ai → I is continuous. Since φi is defined on a closed 0-
dimensional subset of I , then the graph of φi , denoted Γ (φi), is a closed 0-dimensional
set in the parameterization space of f and g∗. However, PPIN(f, g∗) ⊂⋃mi=1 Γ (σi) so
PPIN(f, g∗) is a 0-dimensional set. Thus by the Reparameterization Lemma there are
disjoint homotopies f ′ and g′ which are 12ε-approximations of f and g∗, respectively.
Then f ′ and g′ are the desired ε-approximations. ✷
Theorem 5.5. If X is a generalized n-manifold, n 4, with P2MP, then X has DHP.
Proof. Let f,g :D × I → X. Choose ε > 0. Choose 0 = t0 < t1 < · · · < tm = 1 such
that whenever t, s ∈ [ti−1, ti ], then ρ(ft , fs) < 12ε and ρ(gt , gs) < 12ε for each i =
1, . . . ,m. For i, j = 0, ...,m we may assume that fti (D) ∩ gtj (D) = ∅ by application of
Corollary 2.11 and MET. Since X has P2MP we may also assume that fti (D) ⊂ Ni and
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gtj (D)⊂ Tj where Ni and Tj are 2-manifolds embedded in X. Let δ > 0 so that δ < 14ε
and ρ(fti (D), gtj (D)) > 4δ for all i, j = 0, . . . ,m. Choose ζ > 0 to satisfy HET for δ. For
k = 1, . . . ,m, define:
αk :D× I →Nk ⊂X, (αk)t = ftk−1,
βk :D × I → Tk ⊂X, (βk)t = gtk ,
fk :D× I →X, (fk)t = ftk−1+t (tk−tk−1),
gk :D× I →X, (gk)t = gtk−1+t (tk−tk−1).
By Lemma 5.4, there are disjoint homotopies, α′k and g′k , which are ζ2 -approximations
of αk and gk , respectively. Likewise, there are disjoint homotopies β ′k and f ′k which are
ζ
2 -approximations of βk and fk , respectively. Note that for k = 1, . . . ,m,
ρ
(
ftk−1,
(
α′k
)
0
)
<
ζ
2
so it follows that ftk−1 ≈δ
(
α′k
)
0 by a homotopy η1,
ρ
((
α′k
)
1,
(
f ′k
)
0
)
< ζ so it follows that
(
α′k
)
1 ≈δ
(
f ′k
)
0 by a homotopy η2,
ρ
((
f ′k
)
1, ftk
)
<
ζ
2
so it follows that
(
f ′k
)
1 ≈δ ftk by a homotopy η3.
Likewise
ρ
(
gtk−1,
(
g′k
)
0
)
<
ζ
2
so it follows that gtk−1 ≈δ
(
g′k
)
0 by a homotopy µ1,
ρ
((
g′k
)
1,
(
β ′k
)
0
)
< ζ so it follows that
(
g′k
)
1 ≈δ
(
β ′k
)
0 by a homotopy µ2,
ρ
((
β ′k
)
1, gtk
)
<
ζ
2
so it follows that
(
β ′k
)
1 ≈δ gtk by a homotopy µ3.
Define Fk = η1 ∗ α′k ∗ η2 ∗ f ′k ∗ η3 and Gk = µ1 ∗ g′k ∗ µ2 ∗ β ′k ∗ µ3 where ∗ is the
homotopy product operation which reparameterizes the factors so that each is given equal
parameterization length in the product homotopy. By choice of δ, im(ηi) ∩ im(µi)= ∅ so
(Fk)t ∩ (Gk)t = ∅ for all t ∈ I . Furthermore, careful inspection reveals that
Fk(s × I)⊂N
(
fk(s × I),2δ
)
and Gk(s × I)⊂N
(
gk(s × I),2δ
)
for all s ∈D. Hence
ρ(Fk,fk) < sup
s
{
diam
(
fk(s × I)
)}+ 2δ < 12ε+ 12ε = ε and
ρ(Gk,gk) < sup
s
{
diam
(
gk(s × I)
)}+ 2δ < 12ε+ 12ε = ε.
Let F = F1 ∗ F2 ∗ · · · ∗ Fm and G = G1 ∗ G2 ∗ · · · ∗ Gm. Then F and G are disjoint
homotopies which are ε-approximations of f and g, respectively. ✷
Corollary 5.6. Suppose G is a usc cell-like decomposition of an n-manifold M where
n  4, M/G is finite dimensional with P2MP and π :M → M/G is the associated
decomposition map. Then π × id :M × R → M/G × R can be approximated by
homeomorphisms.
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6. Defining sequences for decompositions
Given a manifold M , a resolvable generalized manifold is typically constructed by
manufacturing a decomposition (or partitioning) G of M consisting of cell-like sets and
then forming the decomposition (or quotient) space M/G with respect to the partitioning.
It is not hard to show that G is usc if and only if the decomposition map π :M →M/G is
proper. In [28] it is shown that M/G inherits metrizability from M .
Interesting decompositions elements are typically defined as the intersection of a
sequence of compact sets which increase in complexity as one goes further into the
sequence. There are various strategies to achieve usc decompositions which are cell-like.
For the purposes of this paper, it will be useful to outline the most general, which is
presented in [16].
Let Y be a space and M be a collection of subsets of Y . Given Z ⊂ Y , the star of Z in
M is defined as
St(Z,M)=Z ∪
(⋃
{A ∈M | A∩Z = ∅}
)
.
For any k > 1, the kth star of Z in M is
Stk(Z,M)= St(Stk−1(Z,M),M),
where St1(Z,M)= St(Z,M).
Definition 6.1. Suppose Y is a (locally) compact metric space. A defining sequence in Y
is a sequence S = {M1,M2, . . .} satisfying the following axioms:
Axiom 1. For each index i , the set Mi is a (locally) finite collection{
A(i,1),A(i,2), . . . ,A
(
i, r(i)
)}
of compact subsets of Y having nonempty, pairwise disjoint interiors.
Axiom 2. For each i and each x ∈ Y , St3(x,Mi+1)⊂ int(St2(x,Mi )).
Then G= {⋂i St2(x,Mi)} is the usc decomposition of Y associated with S .
Proposition 6.2 (Daverman–Walsh). If G is a decomposition of an ANR associated with
the defining sequence {M1,M2, . . .}, then G is a cell-like decomposition if and only if the
following additional axiom is satisfied.
Axiom 3. For each i and each x ∈ Y there is a j > i with St3(x,Mj ) contractible in
St2(x,Mi).
The decompositions discussed in this paper are constructed in p.l. manifolds and
the elements of the defining sequences are compact p.l. manifolds with boundary. The
following theorem will be used to relate the properties of a decomposition space with the
properties of its associated decomposition.
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Theorem 6.3 (Haver). Suppose π :Y → Y/G is a decomposition map where Y and Y/G
are locally compact ANR’s andG is a cell-like usc decomposition of Y . Then for any ε > 0,
there is a map F :Y/G→ Y such that πF is ε-homotopic to the identity map on Y/G and
Fπ is homotopic to the identity map on Y by a homotopy that π projects to a ε-homotopy
in Y/G [20].
As mentioned previously, the cell-like condition is a weaker condition than cellularity.
A standard strategy in forming non-cellular cell-like decomposition elements in a manifold
is to arrange the defining sequence of the decomposition so that each element contains a
wild cantor set from which it inherits embedding characteristics. The non-cellularity of a
decomposition element can be detected using the following criterion:
Definition 6.4. A subset Z satisfies the cellularity criterion in Y if each neighborhood U
of Z in Y contains another neighborhood V of Z such that every map of S1 into V −Z is
null homotopic in U −Z.
Theorem 6.5 (McMillan, Freedman). A cell-like subset Z of an n-manifold M , n  4, is
cellular in M if and only if Z satisfies the cellularity criterion in M; similarly, a cell-like
subset Z of R3 is cellular if and only if it satisfies the cellularity criterion in R3 [23,18].
The terms defined next are useful in assessing the embedding characteristics of a
decomposition element in a manifold with respect to a defining sequence of compact
manifolds from which it arises.
Definition 6.6. If A and B are compacta where B ⊂ Y and f :A → Y − B is null
homotopic in Y but not in Y −B , then f is said to homotopically link B .
Definition 6.7. Suppose that T is a compact n-manifold with boundary, H is a disk with
holes, and h :H → T such that h(∂H)⊂ ∂T . Then h is said to be I-essential if there is no
map h′ :H → ∂T extending h|∂H .
Definition 6.8. A subset Z of a compact n-manifold T with boundary is said to be
geometrically central in T (or to approximate T ) if the image of every I -essential map
meets Z.
The next proposition follows directly from the preceding definitions and general position
arguments.
Proposition 6.9. Suppose M and T are p.l. n-manifolds, T ⊂M , and Z is geometrically
central in T . Then any null homotopic map f :S1 →M that homotopically links T also
homotopically links Z.
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7. Daverman–Walsh ghastly spaces
The k-ghastly spaces of Section 8 will arise from Daverman–Walsh ghastly construc-
tions. In order to demonstrate that these k-ghastly spaces have the plentiful 2-manifolds
property, it will be necessary to provide an outline of the general procedure for the
Daverman–Walsh ghastly constructions. A detailed description can be found in [16].
A Daverman–Walsh ghastly space is a decomposition space M/G arising from a cell-
like, totally noncellular decompositionG of a given p.l. n-manifoldM where n 3. Hence
each element of G is cell-like in M but fails to satisfy the cellularity criteria. In order
to achieve the noncellularity of the decomposition, the defining sequence for the ghastly
spaces is associated with a series of wild cantor set constructions so that at the end of
the construction, each element of the decomposition contains at least one wild cantor set.
In order to establish specific properties in a resulting decomposition space, the cantor set
constructions are controlled.
The forerunners of the Daverman–Walsh ghastly spaces were the totally wild flow spaces
constructed by Cannon and Daverman in [10] and arise as a special case of the Daverman–
Walsh constructions. Given a p.l. n-manifold M , a totally wild flow construction begins
with the selection of a submanifold L of M which is the p.l. product neighborhood of a
p.l. (n− 2)-manifold embedded in M . In the course of the construction, a series of parallel
copies of wild cantor sets geometrically central in L are formed and arrangements are
made so that each element of the resulting decomposition G will contain at least one of
the parallel copies of cantor sets. Then each map f :S1 →M/G that lifts to a map which
homotopically links L has the property that any extension f¯ :B2 →M/G of f necessarily
contains the entire space M/G in its image. The final result is that there are embeddings
of S1 in the totally wild flow spaces that do not bound any 2-cells.
The motivation for the Daverman–Walsh constructions was to create a resolvable
generalized n-manifold, n 3, in which no embedding of S1 bounds a 2-cell. Such a space
will be called 2-ghastly because it contains embedded 1-cells but no embedded 2-cells. To
achieve this goal, an “open sets worth” of decomposition elements are associated with
each of a series of cantor set constructions guided by a countable dense collection of p.l.
embedded product neighborhoods of (n− 2)-manifolds. In the course of the construction
of the Daverman–Walsh 2-ghastly spaces, the following result, stated here as a theorem, is
proved [16].
Theorem 7.1 (Daverman–Walsh). Suppose M is an n-manifold, n 3, and
L= {L1,L2,L3, . . .}
is a countable collection of p.l. embedded product neighborhoods of p.l. (n− 2)-manifolds
in M so that Li ≈ Γi × B2 where Γi is a p.l. (n − 2)-manifold. 1 Then there is a cell-
like usc decomposition G of M inducing a finite dimensional decomposition space M/G
1 The (n − 2)-manifolds Γi in [16] are assumed to be orientable in order to apply Lemma 5.1 of [16] which
follows from an application of Theorem 4 in [15]. However, this hypothesis appears to be unnecessary.
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and a finite collection Vj of non-empty open sets in M/G associated with each Lj ∈ L
so that whenever h : ∂B2 →M is a map homotopically linking Lj , then each extension
H :B2 →M of h has image πH(B2) that contains some V ∈ Vj .
The reader may note here that the following description uses different notation than that
given in [16] in order to better suit the purpose of this discussion. Since the properties of a
decomposition are determined by the characteristics of the defining sequence, focus will be
given to the structure of the elements at each stage of the defining sequence. Furthermore,
the objects defined in this description are all assumed to be p.l.
Given the hypothesis of Theorem 7.1 we will describe how to construct a defining
sequence S = {M1,M2, . . .} for the decomposition G promised in the conclusion.M1 is
constructed by first subdividing M into a cell complex E1. For the purpose of generalizing
the steps of the construction, let W(1,1) = L1 and define W1 = {W(1,1)}. For each n-
cell σ ∈ E1, associate a thin copy T (σ) of W(1,1) in int(W(1,1)) parallel to the core of
W(1,1) and disjoint from σ . This should be done so that T (σ) = T (σ ′) whenever σ = σ ′.
Then for each σ , a first stage cantor set construction τ (σ ) geometrically central in T (σ)
is formed. τ (σ ) is the union of a finite set of thickened (n − 2)-manifolds with small
diameter. Next each σ and τ (σ ) are tubed together via a thickened contractible arc α(σ)
so that α(σ)∩ (α(σ ′)∪τ (σ ′))= ∅ whenever σ = σ ′. For each cell σ , there is an associated
element A in M1 such that
A=Aσ ∪Aα ∪Aτ ,
where
Aα = α(σ), Aτ = τ (σ ), Aσ = σ −
⋃
σ ′ =σ
(
α(σ ′)∪ τ (σ ′)).
The second stage of the construction continues the cantor set constructions in L1 but in
addition initiates more cantor set constructions in L2. First L2 is approximated by a finite
set of disjoint thickened (n− 2)-manifolds W2 = {W(2,1),W(2,2), . . . ,W(2, q(2))} so
that
⋃W2 is geometrically central in L2, ⋃W2 contracts in L2, and diam(W(2, t)) < 1/2
for t = 1, . . . , q(2). M is then subdivided into a cell complex E2 < E1 so that among
other conditions, each element of M1 and W2 is the underlying space of a subcomplex
of E2 and the diameter of each n-cell is less than 1/2. Each of the n-cells in E2 are
then connected to a second stage cantor set construction in W(1,1). In addition, for every
W(2, t) ∈W2, disjoint parallel copies of W(2, t) in intW(2, t) are constructed for each n-
cell meeting the core of W(2, t). The copies of W(2, t) meet the interior of their associated
n-cells (Fig. 1). In general, Li is approximated by a finite set of disjoint thickened (n− 2)-
manifolds Wi = {W(i,1),W(i,2), . . . ,W(i, q(i))} so that ⋃Wi is geometrically central
in Li ,
⋃Wi contracts in Li , and diam(W(i, t)) < 1/i for t = 1, . . . , q(i). The elements
ofMi are of the form
A=Aσ ∪Aα ∪Aτ ,
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Fig. 1. An element of the second stage Daverman–Walsh ghastly construction.
where:
(1) Aσ is a subset of an n-cell of the cell decomposition Ei of M associated with
the ith stage of the construction. In particular, the elements of Mi−1 and Wi are
the underlying spaces of subcomplexes of Ei . Furthermore, Ei is chosen so that
mesh(Ei) < 1i and hence diam(Aσ ) <
1
i
. If i > 1, then preA is the unique element
of Mi−1 containing Aσ .
(2) Aτ =Aτ [1] ∪Aτ [2] ∪ · · · ∪Aτ [i], where
(a) diam(Aτ [j ]) < 1/j for 1< j  i .
(b) If i > 1 and Aτ [i] = ∅, then there is a unique W(i, t) ∈Wi such that Aσ ∩
W(i, t) = ∅. In this case Aτ [i] is a parallel copy of W(i, t) in int(W(i, t))
meeting int(Aσ ).
(c) For 1  j < i , Aτ [j ] is either the emptyset or a geometrically central union
of thickened (n− 2)-manifolds in some W(j, t) ∈Wj . Furthermore, Aτ [j ] ⊂
int(preA)τ [j ] and Aτ [j ] = ∅ if and only if (preA)τ [j ] = ∅.
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(3) Aα =Aα[1]∪Aα[2]∪· · ·∪Aα[i−1] is a 1i -thickened contractible 1-complex where
Aα[j ] connects Aσ to Aτ [j ] in int(preA) so that A is contractible in preA.
(4) For distinct elements A,A′ ∈Mi , (Aα ∪Aτ )∩ (A′α ∪A′τ )= ∅.
At the conclusion of the construction, an open set’s worth of decomposition elements
contain a cantor set approximating W(j, t) for each element of W(j, t) ∈ Wj . The
contraction of any map f :S1 →M which homotopically links Lj must meet the open
set’s worth of decomposition elements associated with at least one element ofWj . Hence,
if f¯ :B2 →M is an extension of f , then πf¯ contains an open set in M/G.
The Daverman–Walsh 2-ghastly spaces arise from selecting L to be a dense set of
p.l. embedded product neighborhoods of (n − 2)-manifolds. For each embedding γ of
S1 in a Daverman–Walsh 2-ghastly space, there exist an Li ∈ L and an ε > 0 such that
every ε lift of γ links Li . Therefore the Daverman–Walsh 2-ghastly spaces contain no
embedded 2-cells. The k-ghastly spaces of the next section arise from Daverman–Walsh
constructions where L is chosen to be a highly specialized sequence of p.l. embedded
product neighborhoods of (n− 2)-manifolds.
8. k-ghastly spaces
We are now ready to carry out the constructions of the k-ghastly spaces. Given a p.l.
n-manifold M where n 4 and a specified k so that 2 < k < n, it will be shown that there
are cell-like usc decompositions of M which have the following characteristics:
(1) M/G contains no embedded k-cells.
(2) M/G contains an abundance of i-cells for i < k.
(3) M/G has P2MP and is therefore a codimension 1 manifold factor.
These spaces arise from Daverman–Walsh constructions where the elements of L
approximate a collection of thickened (n − k)-manifolds with the property that any null
homotopic embedding of Sk−1 links at least one of the thickened (n− k)-manifolds in the
sequence. The main difficulty in demonstrating that the resulting spaces are k-ghastly is
that detecting the linking of a cantor set approximation of a thickened (n − k)-manifold
by a map of a (k − 1)-sphere into M is significantly more difficult for 2 < k < n than
it is for k = 2. In order to overcome this obstacle, the collection of (n − k)-manifolds
are generated from a collection of maps of the form f : (M,Σ)→ (Bk, ∂Bk) where Σ
is the image of a p.l. map Sk−1 →M in general position. These maps are exploited in
order to make the linking arguments manageable. Furthermore, for a given sequence of
triangulations of M , K1 <K2 < · · · , with mesh tending to zero, the collection of thickened
(n − k)-manifolds is selected so that only a finite number meet the (k − 1)-skeleton of
each Ki . This control will ensure that the cantor sets which arise in the Daverman–Walsh
construction meet the (k − 1)-skeleton of each triangulation in a closed set. Connecting
arcs in the Daverman–Walsh construction will also be required to miss the (k− 1)-skeleta.
Then the decomposition map restricted to the (k − 1)-skeleta away from the intersecting
cantor sets will be 1–1. It will follow that these spaces have an abundance of (k − 1)-cells
and hence P2MP.
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A map will be called inessential if it is null homotopic in its codomain. Otherwise, it will
be said to be essential. In preparation of the linking arguments we begin with the following
lemma:
Theorem 8.1 (Inessential Map Lemma (IML)). Suppose S is an arbitrary space, A is a
closed neighborhood retract of a normal space Y , and gA :A→ S is inessential. Then
there is an extension g :Y → S of gA.
Proof. Given gA :A→ S is null homotopic, there is a map G :A× I → S so that G0 = gA
and G1 is a constant map to some point p ∈ S. Since A is a neighborhood retract, there
is a retraction r :N → A where N is a closed neighborhood of A in Y . By Tietze’s
Extension Theorem there is a map α :Y → I such that α(A)= 0 and α(Y −N)= 1. Define
g :Y →X such that
g(x)=
{
G
(
r(x),α(x)
)
, if x ∈N,
p, if x ∈ Y −N.
Then g is the desired map. ✷
Step 1: The collection of (n− k)-manifolds.
Let S = {ςj } be a countable dense subset of Map(Bk,M) consisting of p.l. maps in
general position. Let ςj denote the restriction of ςj to Sk−1 = ∂Bk and S = {ςj }. Let
K1 > K2 > K3 > · · · be a sequence of p.l. triangulations of M such that mesh(Ki)→ 0.
Denote
Σj = ςj
(
Sk−1
)
.
Without loss of generality we may assume that Σj is the underlying space of a subcomplex
of Kj . Define
Fj =
{
f ∈ Map((M,Σj ), (Bk, ∂Bk)) | f ςj is essential in ∂Bk},
where Bk is the underlying space of a k-simplex with distinguished point 0 ∈ int(Bk). Note
that each f ∈Fj is a surjection. Otherwise, f ςj followed by a retraction to the boundary
would determine a contraction of f ςj . Furthermore, note that for f ′ sufficiently close
to f ∈ Fj , the straight-line homotopy between f ςj and f ′ςj misses 0. Therefore, the
straight-line homotopy followed by a retraction of Bk − 0 to ∂Bk determines a homotopy
between f ςj and f ′ςj in ∂Bk . Thus Fj is open in Map((M,Σj ), (Bk, ∂Bk)) and is
therefore separable. Let
F∗j = {f(j,1), f(j,2), . . .}
be a countable dense collection of p.l. general position maps in Fj . Without loss of
generality we may assume that for each f(j,m) ∈F∗j ,
(1) f(j,m) :M → Bk is induced by a simplicial map with domain K ′(j,m) < Kj+m and
codomain a subdivision of the k-simplex triangulating Bk .
(2) 0 /∈ f (|(K ′(j,m))(k−1)|).
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Let F∗ =⋃F∗j . For each f ∈F∗ define
Λf = f−1(0).
It follows from results of Cohen in [11] that Λf is a p.l. (n− k)-manifold. Choose ∆f , the
underlying space of a k-simplex in int(Bk), so that:
(1) 0 ∈ int(∆f ).
(2) diam(∆f ) < 12 dist(0, ∂Bk).
(3) ∆f ∩ f (|(K ′(j,m))(k−1)|)= ∅ where f = f(j,m) .
Define
Nf = f−1(∆f ).
Note that
Nf ≈Λf ×∆f .
Then {Nf | f ∈ F∗} is a countable collection of p.l. embedded product neighborhoods
of (n − k)-manifolds. Also note that Nf ∩ |K(k−1)i | = ∅ is only possible if f = f(j,m)
where j + m < i . Hence for each i there are only a finite number of f ∈ F∗ such that
Nf ∩ |K(k−1)i | = ∅.
Step 2. The collection of approximating (n− 2)-manifolds.
Let ∆ be the underlying spaces of a k-simplex. Let Qk be the underlying space of a k-
simplex τ k linearly embedded in int(∆). For j = k− 1, . . . ,2 choose τ j to be a j -simplex
in τ (j+1). Then
τ k > ∂τk > τk−1 > ∂τk−1 > τk−2 > · · ·> τ 2 > ∂τ 2.
Define Qj = |τ j |. Let T be a standard p.l. (k − 2)-sphere that links ∂Q2 in int(∆) with a
p.l. product neighborhood Ω ≈ T ×B2 missing ∂Q2 so that ∆−Ω retracts to ∂Q2. For
f ∈ F ∗, identify ∆ with ∆f . Define
Γf = f−1(T ) and Lf = f−1(Ω).
Then Γf is a p.l. (n− 2)-manifold and Lf ≈ Γf ×B2. Note that Lf ⊂ int(Nf ).
Define
L= {Lf | f ∈F∗}.
Then L is a countable collection of p.l. embedded product neighborhoods of (n − 2)-
manifolds. Furthermore, Lf meets |K(k−1)i | only if Nf meets |K(k−1)i |. Therefore only a
finite number of elements of L meet each |K(k−1)i |.
Proposition 8.2. If f ∈ F∗ and ς :Sk−1 →M such that f ς :Sk−1 → ∂Bk is essential,
then ς homotopically links Lf .
Proof. Suppose not. Identify Sk−1 with ∂Dk . Then there is an extension ς¯ :Dk →M−Lf
of ς . Let r :Bk −Ω → ∂Bk be a retraction. Since f−1(Ω) = Lf , then rf ς¯ determines
a contraction of f ς in ∂Bk . This contradicts the fact that f ς is essential. Therefore, ς
homotopically links Lf . ✷
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Step 3. Applying controls to the Daverman–Walsh construction.
Given the collection L determined in Step 2, let G be a usc decomposition resulting
from a Daverman–Walsh construction associated with L promised by Theorem 7.1. In the
process of the construction we may assume by general position that the connecting arcs of
the ith stage of the construction miss the (n− 2)-skeleton of Ki . Let π :M →M/G be the
associated decomposition map.
Step 4. Verifying properties.
Proposition 8.3. M/G has P2MP.
Proof. Using the notation of Section 7 for the description of the Daverman–Walsh ghastly
constructions, for j  i , let Tj [i] =⋃{Aτ [i] | A ∈Mj }. Then T [i] = {Ti [i],Ti+1[i], . . .}
is the nested defining sequence for the set of cantor sets approximating Li . The union
of these cantor sets is Z[i] =⋂ji Tj [i]. Then Z[i] is a closed 0-dimensional set in the
interior of Li . Let Z =⋃Z[i]. Note that Z is a 0-dimensional Fσ set and intersects each
|K(k−1)i | in a closed set.
Claim 8.3.1. π :M →M/G restricted to ⋃K(k−1)i −Z is 1–1.
Proof. Let x, y ∈⋃ |K(k−1)i | −Z. Choose i sufficiently large so that x, y ∈ |K(k−1)i | and
dist(x, y) > 4/i . Choose l > i so that Lr ∩ |K(k−1)i | = ∅ for all r  l. Next choose j > l
so that x, y /∈ Tj [s] for all 1  s  l (and hence for all 1  s  j since Tj [s] ⊂ Ls ⊂
(M − |K(k−1)i |) when s  l). Define Cj = {Bσ | B ∈Mj }. Note that
St(x,Mj )=
⋃{
B | Bσ ∈ St (x,Cj )
}
.
Likewise
St(y,Mj )=
⋃{
B | Bσ ∈ St(y,Cj )
}
.
Since diam(Bσ ) < 1/j for B ∈Mj , then St(x,Cj )∩ St(y,Cj )= ∅. Hence
St(x,Mj ) ∩ St(y,Mj )⊂ ∂
(
St(x,Mj )
)∩ ∂(St(y,Mj )).
Next, let A,A′ ∈Mj+1 such that x ∈A and y ∈A′. Note that
(
Aτ ∪A′τ
)⊂( j+1⋃
s=1
Tj+1[s]
)
⊂
(
j⋃
s=1
Tj [s] ∪Lj+1
)
.
Hence x, y /∈Aτ ∪A′τ since j + 1 > l. Therefore it must be that x ∈Aσ and y ∈A′σ . Thus
A =A′ and
A∩A′ = (Aσ ∪Aα ∪Aτ)∩
(
A′σ ∪A′α ∪A′τ
)
= [Aσ ∩A′σ ]∪ [Aσ ∩ (A′α ∪A′τ )]∪ [(Aα ∪Aτ )∩A′σ ]
∪ [(Aα ∪Aτ)∩ (A′α ∪A′τ )]
However, Aσ ∩ A′σ = ∅ follows from the choice of i and (Aα ∪ Aτ ) ∩ (A′α ∪ A′τ ) = ∅
follows from the fact that A =A′ and restraints of the construction. Furthermore,
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Aσ ∩
(
A′α ∪A′τ
) = Aσ ∩ (A′α ∪A′τ [1] ∪ · · · ∪A′τ [j ] ∪A′τ [j + 1])
= (Aσ ∩ (A′α ∪A′τ [1] ∪ · · · ∪A′τ [j ]))∪ (Aσ ∩A′τ [j + 1])
⊂ [preA∩ int(preA′)]∪ (Aσ ∩A′τ [j + 1])
⊂ St(x,Mj )∩ int
(
St(y,Mj )
)∪ (Aσ ∩A′τ [j + 1])
= Aσ ∩A′τ [j + 1].
Since
dist
(
Aσ ,A
′
τ [j + 1]
)
> 4/i − diam(Aσ )− diam
(
A′σ ∪A′τ [j + 1]
)
= 4/i − 1/(j + 1)− 2/(j + 1) > 1
i
> 0
then Aσ ∩ A′τ [j + 1] = ∅ so Aσ ∩ (A′α ∪ A′τ ) = ∅. Likewise (Aα ∪ Aτ ) ∩ A′σ = ∅.
ThereforeA∩A′ = ∅. We can now conclude that St(x,Mj+1)∩St(y,Mj+1)= ∅. Hence
y /∈ St2(x,Mj+1) so π(x) = π(y). ✷
To finish the proof of Proposition 8.3, let α : I → M/G and ε > 0. Choose Ki with
sufficiently small mesh and apply Theorem 6.3 to obtain a p.l. ε-lift α′ : I → (|K(2)i −
K
(0)
i | − Z)⊂M of α. Then πα′ is an ε-approximation of α with image contained in the
embedded 2-manifold π(|K(2i −K(0)i | −Z). Hence M/G has P2MP. ✷
Proposition 8.4. M/G has no embedded k-cells.
Proof. We will proceed by showing that M/G has the following property:
If κ is a compact set in M/G which admits an essential map ψ :κ → Sk−1, then ψ
extends to ψ :U(κ) → Sk−1 where U(κ) is a neighborhood of κ in M/G so that if
ς∗ :Sk−1 → U(κ) is any map such that ψς∗ is essential, then every contraction of ς∗
contains an open set in M/G.
Suppose that κ is a compact set with ψ :κ→ Sk−1 essential. Since Sk−1 is an ANR, then
there is an extension ψ :U(κ)→ Sk−1 where U(κ) is a closed neighborhood of κ . Identify
Sk−1 with ∂Bk . Since Bk is an AR, there is a map Ψ :M/G→ Bk such that Ψ |U(κ) =ψ .
Now suppose that ς∗ :Sk−1 → U(κ) such that ψς∗ is essential and ς∗ contracts in
M/G. Let ς :Sk−1 → M be an approximate lift of ς∗ such that πς ≈U(κ) ς∗ and
ς ∈ S . Denote ς(Sk−1) as Σ . Note that Ψπ : (M,Σ)→ (Bk, ∂Bk). Furthermore ψπς
is essential since ψπς ≈∂Bk ψς∗ and ψς∗ is essential. Then there is an f ∈F∗ such that
f ς :Sk−1 → ∂Bk is essential and dist(f,Ψπ) < δ where δ < 12 dist(0, ∂Bk). Applying the
straight-line homotopy we can conclude that
f ≈δ Ψ π.
Recall that Lf is the p.l. embedded neighborhood of an (n− 2)-manifold in M associated
with f . By Proposition 8.2,Lf is homotopically linked by ς . Let Vf be the finite collection
of open sets, associated with Lf , promised from Theorem 7.1 so that a contraction of any
link of Lf has image in M/G which contains an element of Vf .
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Suppose that ς¯∗ :Bk → M/G is an extension of ς∗ whose image does not contain
any element of Vf = {V1, . . . , Vm}. Choose xi ∈ Vi so that xi /∈ ς¯∗(Bk). Let ς¯ ′ be a p.l.
approximate lift of ς¯∗. Without loss of generality we may assume that:
(1) πς¯ ′ ≈M/G−{xi } ς¯∗.
(2) ς¯ ′ is a general position map with respect to f−1(∂Q2).
(3) ς ′ = ς¯ ′|∂Bk=Sk−1 ∈ S .
(4) πς ′ ≈U(κ) ς∗.
Claim 8.4.1. f ς ′ :Sk−1 → ∂Bk is essential.
Proof. We have f ≈δ Ψ π and πς ≈U(κ) ς∗ ≈U(κ) πς ′. Since Ψ (U(κ))= ∂Bk , then
f ς ′ ≈N(∂Bk,δ) Ψ πς ′ ≈∂Bk Ψ ς∗ ≈∂Bk Ψ πς ≈N(∂Bk,δ) f ς.
Since N(∂Bk, δ) retracts to ∂Bk then f ς ′ ≈∂Bk f ς . Furthermore, f ς was chosen to be
essential so f ς ′ must also be essential. ✷
Let Ξ = ς¯ ′(Bk). Identify ∆ with ∆f ⊂ Bk . Define
Yi = f−1
(
Qi
)∩Ξ.
Then
∂Yi = f−1
(
∂Qi
)∩Ξ.
From condition (2) on ς¯ ′, ∂Y2 is either a 1-manifold without boundary or the emptyset.
However, ∂Y2 = ∅ is impossible. Otherwise, given a retraction
r :Bk − ∂Q2 → ∂Bk
then rf ς¯ ′ :Bk → ∂Bk determines a contraction of f ς ′ :Sk−1 = ∂Bk → ∂Bk which
contradicts Claim 8.4.1 that f ς ′ is essential. Therefore ∂Y2 is a 1-manifold without
boundary.
Claim 8.4.2. f |∂Yj : ∂Yj → ∂Qj is essential.
Proof. The proof will be by downward induction on j . To show that the claim is true for
j = k, suppose that fk is not essential. By IML, f |∂Yk extends to
gk :Yk → ∂Qk
so that gk|∂Yk = f |∂Yk . Let
hk = f |Ξ−Yk ∪ gk
and
r :Bk − int(Qk)→ ∂Bk
be a retraction. Then rhkς¯ ′ determines a contraction of f ς ′ in ∂Bk . This contradicts
Claim 8.4.1 that f ς ′ is essential. Therefore f |∂Yk must be essential.
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Now suppose that the claim is true for j + 1 where j < k. It will be shown that f |∂Yj is
essential. Suppose not. Then by IML f |∂Yj extends to
gj :Yj → ∂Qj
so that gj |∂Yj = f |∂Yj . Then f |Yj is homotopic to gj rel ∂Yj by a straight line homotopy
in Qj . Let
hj = f |∂Yj+1−Yj ∪ gj .
It follows that f |∂Yj+1 is homotopic to hj in ∂Qj+1. In addition, im(hj ) ⊂ (∂Qj+1 −
int(Qj )). Since ∂Qj+1 − int(Qj ) is a j -ball it should be clear that hj is homotopic to a
constant map in ∂Qj+1. Therefore f |∂Yj+1 is also homotopic to a constant map in ∂Qj+1.
This is a contradiction to the inductive hypothesis. Hence f |∂Yj : ∂Yj → ∂Qj must be
essential. ✷
Claim 8.4.3. ∂Y2 homotopically links Lf .
Proof. If not then ∂Y2 contracts in M−Lf . Thus f |∂Y2 contracts in Bk −Ω . But Bk −Ω
retracts to ∆−Ω which in turn retracts to ∂Q2 by choice of Ω . Hence f |∂Y2 : ∂Y2 → ∂Q2
also contracts in ∂Q2. But this contradicts Claim 8.4.2 that f |∂Y2 is essential. Therefore
∂Y2 homotopically links Lf . ✷
Since ∂Y2 is a 1-manifold without boundary, ∂Y2 must contain at least one loop that
homotopically links Lf . By the Daverman–Walsh Theorem, im(πς¯ ′) contains an element
of Vf . This contradicts our choice of ς¯ ′. Therefore each extension of ς∗ contains an open
set in Vf . In conclusion there are no embedded k-cells in M/G. ✷
9. Concluding remarks
It has been shown in this paper that DHP is sufficient to characterize resolvable
generalized n-manifolds as codimension one manifold factors for n  4. In comparison
with DADP, the weaker general position property DHP is significantly more efficient in
this function. For example, the failure of DADP to characterize codimension one manifold
factors occurs in spaces arising from nested defining sequences consisting of collections
of compact n-manifolds with boundary. Such spaces contain an abundance of embedded
(n− 1)-manifolds because the restriction of the decomposition map to any of the manifold
boundaries is an embedding. This fact is exploited in [19] to demonstrate that all resolvable
generalized n-manifolds arising from a nested defining sequence consisting of collections
of n-manifolds with boundary have P2MP, and hence DHP, for n  4. In addition, DHP
has been applied here to show that there are bizarre k-ghastly spaces for 2 < k < n that
clearly fail to have DADP but which are codimension one manifold factors. It appears that
DHP is a strong candidate for solving the Product with a Line Problem.
Nevertheless, it is still unknown whether DHP is a necessary condition on codimension
one manifold factors for n  4. Although in most cases it can be shown that spaces
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previously known to be codimension one manifold factors have DHP, it is unconfirmed
whether or not there are any 2-ghastly spaces which have DHP. This is a critical question
since it has been demonstrated that there are 2-ghastly spaces of dimension n  4 which
are codimension one manifold factors. An affirmative answer would give the strongest
evidence that DHP is the appropriate property to characterize codimension one manifold
factors. Even if it were shown that DHP is a necessary condition, it still remains to
be answered whether or not all resolvable generalized n-manifolds, n  4, have DHP.
Unfortunately, the Product with a Line Problem remains unsolved.
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